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Collective properties of magnetobiexcitons in quantum wells and graphene superlattices
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The Bose-Einstein condensation and superfluidity of quasi-two-dimensional spatially indirect magnetobiex-
citons in a slab of superlattice with alternating electron and hole layers consisting from the semiconducting
quantum wells (QWs) and graphene superlattice in high magnetic field are considered. The two different
Hamiltonians of a dilute gas of magnetoexcitons with a dipole-dipole repulsion in superlattices, consisting of
both QWs and graphene layers (GLs) in the limit of high magnetic field, have been reduced to one effective
Hamiltonian—a dilute gas of two-dimensional excitons with the renormalized effective mass of the magne-
toexciton, which depends on the magnetic field. This Hamiltonian does not include the vector potential.
Moreover, for N excitons we have reduced the problem of 2N X 2-dimensional space onto the problem of N
X 2-dimensional space by integrating over the coordinates of the relative motion of an electron and a hole. The
instability of the ground state of the system of interacting two-dimensional indirect magnetoexcitons in a slab
of superlattice with alternating electron and hole layers in high magnetic field is found. The stable system of
indirect quasi-two-dimensional magnetobiexcitons, consisting of a pair of indirect excitons with opposite
dipole moments, is considered. The density of the superfluid component n,(7) and the temperature of the
Kosterlitz-Thouless phase transition to the superfluid state in the system of two-dimensional indirect magne-
tobiexcitons, interacting as electrical quadrupoles, are obtained for both the QW and graphene realizations.
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I. INTRODUCTION

The many-particle systems of the spatially indirect exci-
tons in coupled quantum wells (CQWs) in the magnetic field
B, as well as without magnetic field, have been the subject of
recent experimental investigations.' These systems are of
interest, in particular, in connection with the possibility of
the Bose-Einstein condensation (BEC) and superfluidity of
indirect excitons or electron-hole pairs, which would mani-
fest itself in the CQW as persistent electrical currents in each
well, and also through coherent optical properties and Jo-
sephson phenomena.’™ In strong magnetic fields (B>7 T)
two-dimensional (2D) excitons survive in a substantially
wider temperature region, as the exciton binding energies
increase with magnetic field.'%'® The problem of the essen-
tial interest is also collective properties of magnetoexcitons
in high magnetic fields in superlattices and layered system.'”

In this paper we propose a new physical realization of the
magnetoexcitonic BEC and superfluidity in superlattices
with alternating electronic and hole layers, that is in a
sense representing array of the CQWs or GLs with spatially
separated electrons (e) and holes (k) in high magnetic field.
Recent technological advances have allowed the production
of graphene, which is a 2D honeycomb lattice of carbon
atoms that form the basic planar structure in graphite.'®!°
Graphene has been attracting a great deal of experimental
and theoretical attention because of unusual properties in its
bandstructure.?-2? It is a gapless semiconductor with mass-
less electrons and holes, which have been described as
Dirac-fermions.?* Since there is no gap between the conduc-
tion and valence bands in graphene without magnetic field,
the screening effects result in the absence of excitons in
graphene without magnetic field. A strong magnetic field
produces a gap since the energy spectrum formed by Landau
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levels becomes discrete. The gap reduces screening and leads
to the formation of the magnetoexcitons. We also consider
magnetoexcitons in the superlattices with alternating elec-
tronic and hole GLs. We suppose that recombination times
may be much greater than relaxation times 7, due to small
overlapping of the spatially separation of e- and h-wave
functions in the CQW or GLs. In this case electrons and
holes are characterized by different quasiequilibrium chemi-
cal potentials. Therefore, in the system of indirect excitons in
superlattices, as well as in CQW,>® the quasiequilibrium
phases appear.”> While coupled-well structures with spatially
separated electrons and holes are typically considered to be
under applied electric field, which separates electrons and
holes in different quantum wells,>* we assume that there are
no external electric fields applied to a slab of superlattice. If
“electron” and “hole” quantum wells alternate, there are ex-
citons with parallel dipole moments in one pair of wells, but
dipole moments of excitons in another neighboring pairs of
neighboring wells have an opposite direction, which causes
the attraction between the excitons with opposite dipole mo-
ments. This fact leads to the essential distinction of proper-
ties of e—h system in superlattices and coupled quantum
wells with spatially separated electrons and holes, where in-
direct exciton system is stable due to the dipole-dipole repel-
ling of all excitons. This difference manifests itself already
beginning from three-layer e—h—e or h—e—h system.

In this paper we reduce the problem of magnetoexcitons
in the QWs and GLs superlattices in the strong magnetic
field to the problem of excitons by deriving an effective
Hamiltonian with renormalized mass. It is shown that the
instability of the ground state of the system of interacting
indirect excitons in the slab of superlattice with alternating e
and h layers is established in the strong magnetic field. Two-
dimensional indirect magnetobiexcitons, consisting of the in-
direct magnetoexcitons with opposite dipole moments, are
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considered in the strong magnetic field. The radius and the
binding energy of the indirect magnetobiexciton are calcu-
lated. These magnetobiexcitons repel as electrical quadru-
poles at long distances. As a result, the system of the indirect
magnetobiexcitons is stable. The collective spectrum of the
weakly interacting by the quadrupole law two-dimensional
indirect magnetobiexcitons is considered in the ladder ap-
proximation. The superfluid density ny(T) of interacting two-
dimensional indirect magnetobiexcitons in superlattices is
calculated at low temperatures 7. We analyze the dependence
of the Kosterlitz-Thouless transition temperature,26 as well as
superfluid density on magnetic field.

This paper is organized as follows. In Sec. II, we derive
an effective Hamiltonian for magnetoexcitons in both CQWs
and two graphene layers in strong magnetic field. In Sec. III,
we prove the instability of dipole magnetoexcitons in the
QWs and graphene superlattices due to the attraction of op-
positely directed dipoles. The superfluidity of quadrupole
magnetobiexcitons in the QWs and graphene superlattices is
analyzed and discussed in Sec. I'V. The results of calculations
and discussion are presented in Sec. V. Conclusions follow in
Sec. VL.

II. EFFECTIVE HAMILTONIAN FOR
MAGNETOEXCITONS IN STRONG MAGNETIC FIELD

A. Hamiltonian for magnetoexcitons in the CQWs

Let’s start with two interacting excitons in the CQW in
the presence of the external magnetic field B, and for the
description of the motion of the exciton center of mass and
relative motion of the electron and hole with the masses m,
and m,, and coordinates r, and r;, along the QW, introduce
the standard set of Jacobi coordinates

_ m,r, + myry,

m,+my,

r=r,—r,. (1)

Without loss of a generality we can take the magnetic field to
be in the z direction and it is convenient to work with the
symmetric gauge for electrons and holes vector potential
A,»=1/2[B Xr,;]. Using these notations and coordinates
[Eq. (1)] the Hamiltonian H for 2D spatially separated exci-
tons in magnetic field can be written as

H= f dR f dr[ ' R,r)HJ(R,1)]

+ %f dRIJleJdsz dr, ¢ (Ry.r) ¥ (Ry,1,)

X X Uij(l'il—lsz)iAﬁ(Rz,rz)lAﬂ(Rbl'l), (2)

i,j=e,h

where H is the operator of an isolated electron-hole pair
given by
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with the operator ﬂo for the noninteracting electron-hole pair
in magnetic field presented by

A 1 e 2
Ho= E |:_(pi+;Ai) }’ (4)

i=e,h 2rni

In Egs. (2)-(4) zAﬂ(R,r) and zAﬂ(R,r) are the creation and
annihilation operators for magnetoexcitons, r, and r;, are
two-dimensional vectors of coordinates of an electron and
hole, respectively, D is the distance between electron and
hole quantum wells, e is the charge of an electron, c¢ is the
speed of light, and € is a dielectric constant. In Eq. (2)
for electrons and holes from two different excitons,
we use the two-particle potentials U” for the electron-

electron, hole-hole, electron-hole, and hole-electron
interaction: ~ U%(r,;—r,5)=e/(€r, —T,|),  U™(r, —r,)

=2/ (elry —rpl),  U(r, —r,)=—e/(e||r, —1)p|*+D?),
UMty —rep)=—€*/ (€\|ry 1o +D?).
A conserved quantity for an isolated electron-hole pair in

magnetic field B is the exciton generalized momentum P
defined as

P=—ifiV,—ihV,+ (A, —A)) = <[B X (r,— )] (5)
C C

for the Dirac equation in the GLs,”” as well as for the
Schrodinger equation in the CQWs.10:12:28
The Hamiltonian [Eq. (4)] of a single isolated magnetoex-

citon is commutated with 13, and hence, they have the same
eigenfunctions, which have the following form (see Refs. 10
and 28):

R e Pr| -
V,p(R,r) =exp i—<P+ -B X r) +iy— (P, (P,r),
h c 2h
(6)

where <I~Dk(P,r) is a function of the internal coordinates r and
the eigenvalue P of the generalized momentum, and k repre-
sents the quantum numbers of the exciton internal motion.

The wave function ®(P,r) is provided in Refs. 10, 14, and
28:

O,(P,r)=D, , (P,r)

ny,ny

Aol il
_ “12n-lmp__ L m
Nnyiny:'p }’B

2 2
Xexp —imd)—r— Lfn(r—) (7)
4}’12g " 2r123 ’

where L‘r{” | denotes Laguerre polynomials, m=n;—n,, n
=min(n;,n,), and sgn(m)”—1 for m=0. In high magnetic
fields the magnetoexcitonic quantum numbers k={n,,n_} for
an electron in the Landau level n, and a hole in level n_ and
y=(my,=m,)/ (my+m,).

035135-2



COLLECTIVE PROPERTIES OF MAGNETOBIEXCITONS IN...

B. Hamiltonian for magnetoexcitons in the bilayer graphene

If the Coulomb interaction between the electron and hole
is neglected, the four-component Hamiltonian of electron-
hole pairs in the bilayer graphene with spatially separated
electrons and holes in one valley in magnetic field B can be
obtained by substituting in Eq. (2) the following four-

component Hamiltonian 7:[0 for an isolated electron-hole
.27
pair:

0 Dext iDey 0 0
N ex— Doy 0 0 0
Ho=vp g Per . s
0 0 0 Phx— lphy
0 0 Pt iphy 0
(®)
where
. e . e
Pe=— lﬁve+ _Ae, ph=—lﬁvh— _Ah' (9)
c c

In Eq. (8) vy=\3at/(24) is the Fermi velocity of electrons in
graphene, where a=2.566 A is a lattice constant, and
~2.71 eV is the overlap integral between the nearest carbon
atoms.?’ It should be mentioned that for the bilayer graphene
the terms corresponding to the Coulomb attraction between
electron and hole in an isolated pair and dipole-dipole inter-
action between two different electron-hole pairs are the same
as for the CQWs and are given by Egs. (3) and (2), respec-
tively.

The wave function (IS(P,I') of the relative coordinate for e
and h spatially separated in the different GLs can be ex-
pressed in terms of the two-dimensional harmonic oscillator
eigenfunctions @, , (r) given by Eq. (7) (y=0). For an elec-
tron in Landau level n, and a hole in level n_, the four-
component spinor wave function of the relative coordinate

is?’
548 Py -1 Jn_-1(P,T)
5+ P, -1 |(PT)
s D@y, |1 (P.x)
Dy, (jn(P,1)

,, (P,1) = (12)n000072

(10)

The corresponding energy of the electron-hole pair EW

n,n_>

which is the eigenvalue of the Hamiltonian (8) is given l;y27

hop = I T
Eiz(i),n_ = r_F V2[sgn(n)V|n,| = sgn(nV[n_[],  (11)

B

where s.=sgn(n-) and rz=+ch/(eB) is a magnetic length.

C. Effective Hamiltonian for magnetoexcitons

In a strong magnetic field at low densities, n<r§2, indi-
rect magnetoexcitons repel as parallel dipoles, and we have
for the pair interaction potential
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e*D?
€|R1 —R2|3'
(12)

U(R,-R,|) = U*+ U" + U + U =

Let’s expand the magnetoexciton field operators in terms of a
single magnetoexciton basis set W;p(R,r):

FR,r) = X Win(R,1)dfp,
kP

JR,r) = 2 Vp(R,1)dsp, (13)
kP

where d}ip and d;p are the corresponding creation and anni-
hilation operators of a magnetoexciton in (k,P) space and
substitute the expansions for the field creation and annihila-
tion operators into Eq. (2). Due to the orthonormality of the
wave functions @, , (0,r) the projection of the Hamiltonian
[Eq. (2)] onto the lowest Landau level results in the effective
Hamiltonian, which does not reflect the spinor nature of the
four-component magnetoexcitonic wave functions in
graphene. Since typically, the value of r is rg, and P<h/rg

in this approximation, the effective Hamiltonian Heff in the
magnetic momentum representation P in the subspace the
lowest Landau level, which are n,=n_=0 for QWs, and n,
=n_=1 for GLs, has the same form (compare with Ref. 9) as
for the two-dimensional boson system without a magnetic
field, but with the magnetoexciton magnetic mass my (which
depends on B and D; see below) instead of the exciton mass
(M=m,+m,;), magnetic momenta instead of ordinary mo-
menta:

Hy=2 SO(P)&;&P
P

+l > (P, P,|UIP3,P,)ap dp dp dp,, (14)
P,,P,P5P,

where the matrix element (P,,P,|U|P;,P,) is the Fourier
transform of the pair interaction potential U(R)=e>D?/eR?,
and for the lowest Landau level we denote the spectrum of
the single exciton gy(P) = gy,(P). For an isolated magnetoex-
citon on the lowest Landau level at the small magnetic mo-
menta under consideration, g,(P)=~ P?/(2mp), where my is
the effective magnetic mass of a magnetoexciton in the low-
est Landau level and is a function of the distance D between
e and h layers and magnetic field B (see Ref. 14). In strong
magnetic fields at D>rp the exciton magnetic mass is
mg(D)=€D?/(e*ry) for the QWs (Ref. 14) and mg(D)
=eD3/(4¢%ry) for the graphene layers.®® The projection of
the electron-hole Hamiltonian in magnetic field for the
CQWs [Eq. (2)] and GLs [Eq. (8)] onto the lowest Landau
level results in the effective Hamiltonian [Eq. (14)] with
renormalized mass and where term related to the vector po-
tential is missing. The magnetic field in the effective Hamil-
tonian [Eq. (14)] is present in the renormalized mass of the
magnetoexciton mpg. Therefore, Hamiltonian for the spatially
separated electrons and holes in two-layer system [Eq. (2)]
with the operator of the kinetic energy for an isolated
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electron-hole pair H, defined by Eq. (4) for the CQWs and
Eq. (8) for the bilayer graphene can be reduced in high mag-
netic field to the effective Hamiltonian [Eq. (14)]. Magnetic
field B is reflected by the effective Hamiltonian [Eq. (14)]
only through the effective magnetic mass of a magnetoexci-

ton my in the expression for £,(P) in the first term of H,g.
The only difference in the effective Hamiltonian [Eq. (14)]
for the CQWs and bilayer graphene realizations of two-layer
systems is that mp for the bilayer graphene is four times less
than for the CQWs due to the four-component spinor struc-
ture of the wave function of the relative motion for the iso-
lated noninteracting electron-hole pair in magnetic field [Eq.
(10)].

Transitions between Landau levels due to the Coulomb
electron-hole attraction for the large electron-hole separation
D> rg can be neglected if the following condition is valid:
E,=¢*/(€,D) <hw.=heB(m,+m,)/ (2m,myc) for the QWs
and E,=4e”/(eD) <hvp/rg for the GLs, where E;, and w, are
the magnetoexcitonic binding energy and the cyclotron fre-
quency, respectively. This corresponds to the high magnetic
field B, the large interlayer separation D, and large dielectric
constant of the insulator layer between the graphene layers.
As it was defined previously, here vy=+\3at/(2%) is the
Fermi velocity of electrons.

It was shown in Refs. 31 and 32 that taking into account
the spin degree of freedom can qualitatively modify the re-
sults for exciton-polariton condensation at magnetic fields
lower than critical magnetic field. We assume that magnetic
field B considered in this paper is above the critical one, and,
therefore, Zeeman splitting does not effect on the spectrum
of collective excitations according to Fig. 1 in Ref. 31.

III. INSTABILITY OF DIPOLE MAGNETOEXCITONS IN
QW AND GRAPHENE SUPERLATTICES

Let us show that the low-density system of weakly inter-
acting two-dimensional indirect magnetoexcitons in superlat-
tices is instable, contrary to the two-layer system in the
CQW. At the small densities of nry<<1 the system of indirect
excitons at low temperatures is the two-dimensional weakly
nonideal Bose gas with normal to wells dipole moments d in
the ground state (d=eD, D is the interwell separation), in-
creasing with the distance D between wells. In contrast to
ordinary excitons, for the low-density spatially indirect mag-
netoexciton system the main contribution to the energy is
originated from the dipole-dipole interactions U_ and U, of
magnetoexcitons with opposite (see Fig. 1) and parallel di-
poles, respectively. The potential energy of interaction be-
tween two indirect magnetoexcitons with parallel U,(R) and
opposite U_(R) dipoles is a function of the distance R be-
tween indirect magnetoexcitons along the quantum wells or
graphene layers:

TR
T R R+ DY
2 2 2 2
U(R)=" - —— ¢ (15)

+ — .
eR  e\R*+D? eVR*+4D?

The behavior of the potential energies U,(R) and U_(R) as
the functions of the distance between two excitons R is
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FIG. 1. Two-dimensional indirect magnetobiexcitons consisting
of indirect magnetoexcitons with opposite dipole moments, located
in neighboring pairs of QWs or graphene layers.

shown in Fig. 2. We suppose that D/R<<1 and L/R<1,
where L is the mean distance between dipoles normal to the
wells. We consider the case, when the number of quantum
wells k in superlattice is restricted k<<1/(Dvmmn). This is
valid for small k or for sufficiently low exciton density.

The distinction between magnetoexcitons and bosons
manifests itself in exchange effects.®? The exchange inter-
action in the spatially separated system is suppressed in con-
trast to the e—h system in one well due to smallness of the
tunnel exponent 7' connected with the penetration through
barrier of the dipole-dipole interaction. Hence, at D> rp ex-
change phenomena, connected with the distinction between
excitons and bosons, can be neglected for both the QWs and
graphene layers.?® Two indirect exciton in a dilute system
interact according to Eq. (15), where R is the distance be-
tween exciton dipoles along the QWs and GLs. Small tun-
neling parameter connected with this barrier is*

0.75

— U(R)

0.65 - U«R)

0.55
0.45
0.35
0.25
0.15

0.05

Potential energy of indirect magnetoexcitons, U(R)/Egx

-0.05

0 05 1 15 2 25 3 35 4 45 5
Distance between magnetoexcitons, R/D

FIG. 2. The potential energy of the interaction of indirect mag-
netoexcitons with parallel U,(R) and opposite U_(R) dipoles, lo-
cated in neighboring pairs of QWs or GLs (in units of the binding
energy of the indirect magnetoexciton E,,=e?/ eD), as a function of
the distances R between magnetoexcitons along the QWs or GLs (in
units of D).
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1 (o K>
exp —gf 2mpg U+(_)—2—mB dR (,
o

where the characteristic momentum of the system is given by
k=\2mpm, [y is the chemical potential of the very dilute
system of magnetoexcitons, which is in a dilute 2D weakly
nonideal Bose gas very small and proportional to n/log n
(Ref. 34)], ry is the 2D radius of magnetoexciton, R is the
classical turning point for the dipole-dipole interaction deter-
mined from the condition U, _)(R,)=pu,. Hence, for the par-
allel dipoles R, is given by Ry=(2mgze’D?/ k*)'3. Since u, is
very small, for the opposite dipole the classical turning point
can be approximated by the condition U_(R))=0 and R,
=~ D (see Fig. 2). In high magnetic fields the small parameter
mentioned above has the form exp[—2%'(m)?eDr;"*]. So
at zero temperature 7=0 the dilute gas of magnetoexcitons,
which is a boson system, form the Bose-Einstein
condensate.*37 Therefore, the system of indirect magnetoex-
citons can be treated by the formalism applicable for a boson
system.

For the analysis of a stability of the ground state of the
weakly nonideal Bose gas of indirect excitons in superlat-
tices, let us apply the Bogoliubov approximation. The total

Hamiltonian }EItot of the low-density system of the indirect
magnetoexcitons in the superlattice, which is the generaliza-
tion of the effective Hamiltonian of magnetoexcitons in a
two-layer system [Eq. (14)], is given by

A A A

Hy=Hy+ Hip- (16)

Here IEIO is the effective Hamiltonian of the system of non-
interacting magnetoexcitons:

Hy= 2 eo(p)(apap + bpbp + a’pa_p+ bpb_p).  (17)
P

In Eq. (17) &y(p)=p?*/(2mp) is the spectrum of isolated two-
dimensional indirect magnetoexciton, P represents the exci-
tonic magnetic momentum, ap, ap, bp, bp are creation and
annihilation operators of the magnetoexcitons with up and
down dipoles. The Hamiltonian which describes the interac-
tion between magnetoexcitons is

Hiy = (25)_12P]+P2=P3+P4 [U.(ap ap ap,ap +bp bp bpbp)
- U_a;;4b;§3apszl], (18)

where U, and U_ are the 2D Fourier images of U,(R) and
U_(R) at P=0, respectively, and S is the surface of the sys-
tem. Let us mention that the appropriate cutoff parameter for
this Fourier transform is the classical turning point of the
dipole-dipole interaction. Note that the cutoff parameter R,
for the potential U,(R) is much greater than for U_(R) [the
cutoff parameters R, for the both potentials can be repre-
sented in Fig. 2 by the points where the curves corresponding
to U,(R) and U_(R) are crossed by the chemical potential
represented by the horizontal straight line placed right above
but close to U, )(R)=0]. Therefore, we claim that U, >0,
U_<0, and |U_|>|U,].
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The physical meaning of the terms of the type
ap,bp.ap bp is just the scattering between two excitons with
the opposite orientation of dipole (the momenta change). Af-
ter scattering both magnetoexcitons stay in their initial lay-
ers.

Let us consider the temperature 7=0. Assuming the ma-
jority of particles are in the condensate [(N—Ny)/Ny<<1,
where N and N, are the total number of particles and the
number of the particles in condensate, respectively], we ac-
count as in Bogoliubov approximation only the interaction
between condensate particles and excited particles with con-
densate particles, and neglect the interaction between non-

condensate particles. Then the total Hamiltonian I:Ilot trans-
forms to

A 1
Fa=5 3 {leop) + (U + U Nabap + bibp +
P#0
+ bth—P) + 2U+n(a;;afp + apd_p + bth; + b—PbP)
+ U_n(apb’p + apb_p + a’pbp + a_pbp + apbp + a’pb_p

+ an; + G_Pbtp)}. (19)

Let us diagonalize Hamiltonian I:Iml by wusing the
Bogoliubov-type unitary transformation

1
(ap+Apa’p+ BpBip+ Cpfp),
\/I—A%—B%—C% P pP&-p PP-p PPP

ap =

1
-A-B-a

b (Bp+ApBip+ Bpa'p + Cpap),

(20)

where the coefficients Ap, Bp, and Cp are found from the
condition of vanishing of the coefficients at nondiagonal
terms in the Hamiltonian. As a result we obtain

Heo = 2 e(p)(apap+ BoBp) (21)
P+0

with the spectrum of quasiparticles (P):

e2(P) = 83(P) + 2nU,&(P),

e3(P) = e3(P) + 2n(U, + U ), (P). (22)

Since U,>0 and U_<0, we have sf(P) >s§(P) at
P> 0. Therefore, at low temperatures the quasiparticles only
with the spectrum s%(P) will be excited, since the excitation
of these quasiparticles requires less energy than for the qua-
siparticles with the spectrum &7(P). Since U,+U_<0, it is
easy to see from Eq. (22) that for the small momenta
P<\4mgn|U,+U_| the spectrum of excitations becomes
imaginary. Hence, the system of weakly interacting indirect
magnetoexcitons in the slab of the superlattice is unstable. It
can be seen that the condition of the instability of magne-
toexcitons becomes stronger as magnetic field becomes
higher, because mp increases with the increment of the mag-
netic field, and, therefore, the region of P resulting in the
imaginary collective spectrum increases as B increases.
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The mathematically similar system was considered in Ref.
36, where 2D spinor polaritons were studied, with attractive
interactions between the polaritons of the opposite circular
polarization and repulsive interaction for polaritons with the
same circular polarization. Note that our results for magne-
toexcitonic spectrum given by Eq. (22) are analogous to that
in Ref. 36. While in Ref. 36 the repulsion exceeds the attrac-
tion between two different polaritons (|U,|>|U_|), in
multilayer superlattice with parallel and opposite dipoles
there is an opposite case (|U,|<|U_|). Therefore, there is an
instability in multilayer magnetoexciton system while there
is no instability in polariton system considered in Ref. 36.

The analogous instability was studied theoretically in 2D
atomic gas with the attractive and repulsive interaction be-
tween bosons.*

IV. SUPERFLUIDITY OF QUADRUPOLE
MAGNETOBIEXCITONS IN QW AND GRAPHENE
SUPERLATTICES

Let us consider the low-density weakly nonideal gas of
two-dimensional indirect magnetobiexcitons, created by the
indirect magnetoexcitons with opposite dipoles in the neigh-
boring pairs of wells as the ground state of the system (Fig.
1). The ratio of the magnetobiexciton and magnetoexciton
energies, as well as the ratio of the magnetoexciton and mag-
netobiexciton radii along the QWs or GLs, is the parameter
for the adiabatic approximation used in Ref. 39. These pa-
rameters are small and they are even smaller than analogous
parameters for atoms and molecules. The smallness of these
parameters will be verified below by the calculations of the
corresponding energy and radius of the indirect magneto-
biexciton. Here it was assumed that the distance D between
the QWs or GLs is greater than the radius of indirect mag-
netobiexciton ry, D>rq. At r>1.11D indirect magnetoexci-
tons attract and at r<<1.11D they repel. The minimum of the
potential energy U(r) locates at r=ry=1.67D between the
indirect excitons and this ry is the mean radius of the mag-
netobiexciton along wells or graphene layers. At large D one
can expand the potential energy U(r) in terms of the param-
eter (r—ry)/D<<1:

2 2

e e
U(r)=-0.04—+0.44
eD

$(r—r0)2+ e (23)

If we restrict ourselves by the first two terms of this expan-
sion it easy to see that at large D magnetobiexciton levels
correspond to the two-dimensional harmonic oscillator with
the frequency w=0.88¢?/(mzeD?):

2 5\ 3/2
E, =—0.04— +2\2E (r—) (n+1) (24)
" eD \D ’

where Eo=mze*/ (h%€), r'=he/ (2mge?), and &2=0.88¢2. In
the ground state the characteristic spread of the magnetobiex-
citon a; along the QWs or GLs near the mean radius r is

2#h
a,=\—=(8"*D¥*=1.03q,,, (25)
mpw
where r,,=(8r,,)"*D¥* and a,,=h’€/ (2mpge?) are the radius
magnetoexciton and the two-dimensional effective Bohr ra-
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dius with the effective magnetic mass mp, respectively.
Hence, the ratio of the binding energies of the magnetobiex-
citon Ey., and magnetoexciton E,, is Ep./E, =0.04<1 at
D>r,,, and the ratio of radii of the magnetoexciton and
magnetobiexciton is ro/7,,=0.67(8a,,)"*D~1*< 1. Thus, the
adiabatic condition is valid.

The mean dipole moment of the indirect magnetobiexci-
ton equals to zero. However, the quadrupole moment is non-
zero and equal to Q=3eD?, and the large axis of the quad-
rupole is normal to the quantum wells or graphene layers.
Hence, the indirect magnetobiexcitons interact at long dis-
tances R> D as parallel quadrupoles: U(R)=9¢?D*/ (eR").

We account the scattering of the magnetobiexciton on
magnetobiexciton by using the results of the theory of two-
dimensional Bose gas.’> The chemical potential u for two-
dimensional biexcitons, repelled by the quadrupole law, in
the ladder approximation, has the form (compare to Refs. 5
and 9)

_ 2'77'ﬁ2nb
m= mg log{h**€*/[8m(18mpe* DY) 30,1}

(26)

where n,=n/(2s) is the density of magnetobiexcitons in the
QWs and n,=n/(8s) in the GLs. The chemical potential [Eq.
(26)] is different than the chemical potential for two-
dimensional excitons with the dipole-dipole repulsion given
in Refs. 5 and 9).

At small momenta the collective spectrum of the magne-
tobiexciton system is the soundlike e(p)=c,p, where c,
=\u/(2myp) is the sound velocity, and satisfied by the Lan-
dau criterion for superfluidity. The density of the superfluid
component ng(7T) for the two-dimensional system with this
sound spectrum can be estimated as’

3¢(3) kT
dah? mpe?’

s

ng(T)=n;, — (27)
where {(z) is the Riemann zeta function, and £(3)=1.202.
The second term in Eq. (27) is the temperature-dependent
normal density taking into account the gas of phonons
(“bogolons”) with the dispersion law e(p)=\u/(2mg)p,
where u is given by Eq. (26).

In a 2D system, superfluidity of magnetobiexcitons ap-
pears below the Kosterlitz-Thouless transition temperature
T.=mng(T)/(4mp), where only coupled vortices are
presented.”® Employing n4(T) for the superfluid component,
we obtain the cubic equation for the Kosterlitz-Thouless
transition temperature 7, which has the following solution:

oo BT

= +\/=|— +

¢ 27\ wh’n,
(\/¥<—8m3k37?>3 1 1)1/3 I, (28)
N\ T, ) T 213"

Here, T(C) is an auxiliary quantity, equal to the temperature at
which the superfluid density vanishes in the mean-field ap-
proximation, i.e., ng(T%) =0, T0=k; {4mh’ncimy/[3L(3)]}".
The temperature T?zT?(B,D) may be used to estimate the
crossover region where the local superfluid density appears
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T,(K)

0 2 4 6 8 10
x10M

FIG. 3. (Color online) Dependence of the Kosterlitz-Thouless
transition temperature 7,=T.(B) for the superlattice consisting of
the QWs for GaAs/AlGaAs, e=13; and for GLs separated by the
layer of SiO, with €=4.5 on the magnetoexciton density n at D
=10 nm at different magnetic fields. The solid, dashed, and thin
solid curves for the QWs, dotted, dashed-dotted, and thin dotted
curves for the GL at B: B=20 T, B=15 T, and B=10 T,
respectively.

for magnetoexcitons on a scale smaller or of the order of the
mean intervortex separation in the system. The local super-
fluid density can manifest itself in the local optical or trans-
port properties.
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V. RESULTS AND DISCUSSION

We calculated the dependence of the Kosterlitz-Thouless
transition temperature 7, on the density of the magnetoexci-
tons for the superlattice consisting of the quantum wells and
graphene layers. The results of the calculations for the tran-
sition temperature 7, as a function of the density of the mag-
netoexcitons for the different values of the magnetic field B
for the QWs and GLs are presented in Fig. 3. Analysis of
these results shows that, firstly, for the given thickness of the
QWs or GLs and for the fixed magnetic field the Kosterlitz-
Thouless transition temperature 7. in good approximation
linearly increases with the increase in the magnetoexcitons
density for the QWs, as well as for GLs. This is due to the
fact that the denominator in Eq. (26) for the chemical poten-
tial and, therefore, the sound velocity, weakly depends on n.
Our calculations show that the slope of the function 7.(n)
decreases with n very weakly and it is almost constant. Sec-
ondly, for the same magnetoexcitons density the transition
temperature 7, for the GLs is always higher than for the
QWSs, because the magnetic mass of magnetoexciton in the
GLs is four times smaller than in the CQWs due to the four-
component spinor structure of the magnetoexciton wave
function in the GLs. Moreover, the transition temperature
strongly depends on the magnetic field: with the increase in
the magnetic field the transition temperature 7, dramatically
increases for the GLs, as well as for the QWs. This is due to

a)

T.(K)

Graphene

D = 10nm

Ny
M
N

MR
RS
\\\\:\\‘QQ\@\

d
T.(K) Graphene
‘ W‘\v\\\ B=10T
AV
LA

FIG. 4. Dependence of the Kosterlitz-Thouless transition temperature 7,=T,(B) for the superlattice consisting of the QWs (for GaAs/
AlGaAs e=13) and of the GLs (for GLs separated by the layer of SiO, €=4.5) on the magnetoexciton density n and magnetic fields B
presented by (a) and (b) and on the magnetoexciton density n and the interlayer separation D presented by (c) and (d), respectively.
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the increment of mp as a function of B and D. The T, de-
creases as B~/? at D <ry and as B~ when D> rp. The three-
dimensional plots of the dependence of the Kosterlitz-
Thouless transition temperature 7, on the magnetic field and
magnetoexcitons density for the superlattice consisting from
the QWs and GLs are shown in Fig. 4.

The advantage of the observation of the magnetoexciton
superfluidity and the BEC in graphene in comparison with
this in the CQWs consists of essentially weak influence of
the random field on 7, due to the fact that the density of
defects in graphene is sufficiently lower than in the CQWs
(due to the absence of the roughness of the QWs bound-
aries). As known, the influence of impurities is suppressed
due to the existence of the Berry phase.*’ Particularly, Berry
phase makes impossible backscattering of the excitons on the
impurities. Due to this fact, the influence of impurities on the
BEC occurs to be smaller than for the semiconductor QWs.
The disorder more likely suppresses the superfluidity and the
Kosterlitz-Thouless temperature for magnetobiexcitons in
the QW superlattices analogously to the case of magnetoex-
citons in the CQWs.*!

VI. CONCLUSIONS

It is shown that the low-density system of the indirect
magnetoexcitons in a slab of the superlattice of the second
type or consisting of the QWs or GLs in high magnetic field
occur to be instable due to the attraction of magnetoexcitons
with opposite dipoles at large distances. The instability of the
ground state of the system of interacting two-dimensional
indirect magnetoexcitons in a slab of superlattice with the
alternating electron and hole layers for both QWs and GLs in
high magnetic field is claimed. This instability is due to the
attraction between the indirect excitons with the opposite
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directed dipole moments. The stable system of indirect
quasi-two-dimensional magnetobiexcitons, consisting from
the indirect excitons with opposite directed dipole moments
in the superlattices, is stable due to the quadrupole-
quadrupole repulsion. Therefore, at the pumping increase at
low temperatures the excitonic line must vanish and only the
magnetobiexcitonic line survives. Note that in spite of both
the QW and graphene realizations represented by completely
different Hamiltonians, the effective Hamiltonian in a strong
magnetic field was obtained to be the same. The projection
of the electron-hole Hamiltonian for the CQWs [Eq. (2)] and
GLs [Eq. (8)] in magnetic field onto the lowest Landau level
leads to the effective Hamiltonian [Eq. (14)] without the vec-
tor potential and renormalized effective mass of the magne-
toexciton, which depends on the magnetic field. The mag-
netic field in the effective Hamiltonian [Eq. (14)] is
presented into the renormalized mass mp of the magnetoex-
citon. Moreover, for N excitons we have reduced the number
of the degrees of freedom from 2N X 2 to N X2 by integrat-
ing over the coordinates of the relative motion of the elec-
trons and holes. The Kosterlitz-Thouless transition to the su-
perfluid state is calculated for the system of indirect
magnetobiexcitons. The temperature 7. for the onset of su-
perfluidity due to the Kosterlitz-Thouless transition at a fixed
magnetobiexciton density decreases as a function of mag-
netic field B and interlayer separation D, and almost linearly
increases when the magnetoexcitons density of the QWs or
GLs increases. At the same exciton density n the Kosterlitz-
Thouless temperature T, is higher for the superlattice con-
sisting of the GLs than for the superlattice consisting of the
quantum wells.
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